Based on Timoshenko laminated beam models, this paper investigates the influence of initial stress on the vibration and transverse wave propagation in individual multi-wall carbon nanotubes (MWNTs) under ultrahigh frequency (above 1 THz), in which the initial stress in the MWNTs can occur due to thermal or lattice mismatch between different materials. Considering van der Waals force interaction between two adjacent tubes and effects of rotary inertia and shear deformation, results show that the initial stress in individual multi-wall carbon nanotubes not only affects the number of transverse wave speeds and the magnitude of transverse wave speeds, but also terahertz critical frequencies at which the number of wave speeds changes. When the initial stress in individual multi-wall carbon nanotubes is the compressive stress, transverse wave speeds decrease and the vibration amplitude ratio of two adjacent tubes increases. When the initial stress in individual multi-wall carbon nanotubes is the tensile stress, transverse wave speeds increase and the vibration amplitude ratio of two adjacent tubes decreases. The investigation of the effects of initial stress on transverse wave propagation in carbon nanotubes may be used as a useful reference for the application and the design of nanoelectronic and nanodrive devices, nano-oscillators, and nanosensors, in which carbon nanotubes act as basic elements.
Introduction
Since the discovery of carbon nanotubes (CNTs) at the beginning of the last decade [1] , extensive research related to the nanotubes in the fields of chemistry, physics, materials science and engineering, and electric engineering has been increasing [2] [3] [4] [5] . Single-and multi-wall CNTs hold substantial promise for use as super-stiff and strong nanofibres, catalysts, and components of novel electronic and micro-drive devices [6] [7] [8] [9] [10] [11] [12] [13] .
Despite the potential impact of carbon nanotubes in many areas of science and industry [14] [15] [16] [17] , a robust understanding of their dynamic 1 Author to whom any correspondence should be addressed.
behaviour is lacking and thus limits the optimum design of nanoelectronic and nanodrive devices (high frequency) micromechanical oscillators and nanosensors [18] .
The study of vibration and wave propagation in CNTs is a major topic of current interest, which is used to understand the dynamic behaviour of CNTs further. The investigation of dynamic behaviour of CNTs has been the subject of numerous experimental, molecular dynamics (MD), and elastic continuum modelling studies. Since controlled experiments at nanoscales are difficult, and moleculardynamics simulations are limited to systems with a maximum atom number of about 10 9 by the scale and cost of computation, the continuum mechanics methods are often used to investigate some physical problems in the nanoscale [19] [20] [21] . Recently, continuum elastic-beam models have been widely used to study vibration [22, 23] and sound wave propagation [24] [25] [26] in CNTs. In the literature [10, 11] , MWNTs have been modelled as a single elastic beam, which neglected van der Waals force interaction between two adjacent tubes [27, 28] . Recently, the role of van der Waals force interaction between two adjacent tubes in transverse vibration and wave propagation in MWNTs using the multiple-Euler-beam model has been studied [29] [30] [31] [32] . Results in the literature [29] [30] [31] [32] showed that non-coaxial intertube vibration and transverse waves of MWNTs will be excited at ultrahigh frequencies. In view of growing interest in terahertz vibrations and wave propagation of nanoscale material and devices [33] [34] [35] [36] [37] , it is relevant to systematically study terahertz wave propagation in individual MWNTs.
In early investigations on transverse vibration and wave propagation in MWNTs, the effects of initial stress in MWNTs on the vibration frequency and wave speeds are not considered. Recently, much research has been focused on the application of carbon nanotubes as electron emission devices, high frequency oscillators, nanobearings, AFM tips and various electric, optical, chemical and mechanical sensors [38, 39] . The carbon nanotubes acting as basic elements of these nanostructures can often occur in initial stresses due to thermal stress, mismatch between different materials or initially external axial load. Because the dynamic characteristics of these nanostructures based on carbon nanotubes are dependent on the critical frequency shift of a carbon nanotube and the characteristic of transverse wave propagation in the carbon nanotubes when it is subjected to an initially axial stress, it is found that the critical frequency of carbon nanotubes and the characteristic of transverse wave propagation in the carbon nanotubes are sensitive to the initially axial stress. Therefore, it is very significant in practical engineering applications to study the effects of initial stress on transverse vibration and wave propagation in MWNTs.
The main aim of this paper is to study the effects of initial stress in an individual DWNT on vibration frequency and wave speeds. The analysis is based on a Timoshenko laminated beam model, which considers van der Waals force interaction between adjacent nanotubes and effects of rotary inertia and shear deformation. Example calculations show that the transverse wave propagation in an individual doublewall carbon nanotube with initial compressive stress appears a small frequency region having three different wave speeds between the first critical frequency and the second one, which is different from the transverse wave propagation in the individual double-wall carbon nanotubes with initial tensile stress and without initial stress. The effects of initial stress on the vibration frequency and the transverse wave propagation in the MWNTs may result in some complex dynamic phenomena of terahertz sound waves propagation in the MWNTs, which can be used as a useful reference for the designs of nanoelectronic and nanodrive devices, nanooscillators, and nanosensors.
Timoshenko laminated beam model with initial stresses
It is known that the deflection Y (x, t) and the slope ϕ(x, t) of a Timoshenko beam with initial axial stress, under bending deformation, are given by the following two coupled equations.
where E denotes the modulus of elasticity, G the shear modulus, I the moment of inertia of cross-section, A the crosssectional area, ρ the mass density of the beam material, N x the initial axial force, p the transverse load applied to the beam, K the shear correction coefficient, which is about 0.6-0.7 for the thin-walled circular cross-sections, and δ is a mathematic sign. For equation (1), δ = 1 expresses the transverse sound wave propagation in a beam with initial compressive stress, δ = −1 expresses the transverse sound wave propagation in a beam with initial tensile stress, and δ = 0 expresses the transverse sound wave propagation in a beam without initial stress.
A Timoshenko laminated beam model considering van der Waals interaction is used to study the vibration and the transverse wave propagation in DWNTs with initial stress, which is shown in figure 1 . Since each of the nested, initially concentric nanotubes of a DWNT is represented by an individual elastic Timoshenko beam, equation (1) is applied to each of the inner and outer nanotubes of DWNTs. Thus, transverse vibration of the DWNTs with initial stress, based on the Timoshenko laminated beam, is described by the following four equations:
where Y j (x, t) and ϕ j (x, t) ( j = 1, 2) is the deflection and the slope of the inner and outer nanotubes under the bending deformation, x is the axial coordinate, t is time, I j and A j are the moment of inertia and the area of the cross section of the j th tube, respectively, and all tubes have the same Young's modulus E = 1 TPa and shear modulus G = 0.4 TPa (with Poisson ratio ν = 0.25), with the effective thickness of singlewalled nanotubes, 0.35 nm. In addition, the dependence of the shear coefficient K on the radius is neglected for DWNTs; here we take K = 0.8, the mass density ρ = 2.3 g cm −3 [18] , p is the van der Waals interaction pressure between the two tubes per unit axial length and σ 0 x j ( j = 1, 2) is the initially axial stress of the j th nanotube, which is expressed as
The corresponding initial axial force is
The deflections of two tubes are coupled through the van der Waals force p [26] . The van der Waals interaction potential, as a function of the interlayer spacing between two adjacent tubes, can be estimated by the Lennard-Jones model. The interlayer interaction potential between two adjacent tubes can be simply approximated by the potential obtained for two flat graphite monolayers, denoted by g( ), where is the interlayer spacing [40, 41] . Since the interlayer spacing is equal or very close to an initial equilibrium spacing, the initial van der Waals force is zero for each of the tubes provided they deform coaxially. Thus, for small-amplitude sound waves, the van der Waals pressure should be a linear function of the difference of the deflections of the two adjacent layers at the point as follows:
where the van der Waals interaction coefficients c is approximately expressed as [32] 
Transverse wave propagation in DWNTs with initial stress
To study transverse wave propagation in DWNTs with initial stresses, the deflection and the slope are considered as
where a 1 and a 2 represent the amplitudes of deflections of the inner and the outer tubes, respectively, and b 1 and b 2 represent the amplitudes of the slopes of the inner and outer tubes due to bending deformation alone, respectively. In addition, n is the wavenumber and ω is the (circular) frequency. Substituting equation (6) into (2), the equation to determine the wave speeds (phase velocity = ω/n) can be expressed as
The wave speeds are determined by the condition for existence of a non-zero solution for equation (7), which yields
It is seen that equation (8) 
Substituting δ = 0 into equation (9) , the transverse sound speed of MWNTs without initial stress, based on the singlebeam model, can be simplified to
which is the same as that in the literature [22] . In the above formula, I and A are the moment of inertia and the cross-sectional area of MWNTs, thus I = I 1 + I 2 and A = A 1 + A 2 for DWNTs. The transverse wave speed given by equation (10) is shown to be in good agreement with the data obtained by another method for an SWNT without initial stresses.
In what follows, the wave speeds in DWNTs with initially axial stress are calculated based on four different elastic-beam models.
DT. The double-Timoshenko-beam (DT) model with initial stresses is described by equation (8) , which gives at most four wave speeds for a given frequency, ν 1 < ν 2 < ν 3 < ν 4 .
DE. The double-Euler-beam (DE) model with initial stresses is described by treating each of the inner and outer tubes of the DWNTs as a single Euler beam, which gives two wave speeds normally, ν 1 < ν 2 ; but at most three wave speeds when a given frequency nears critical frequency, ν 1 < ν 2 < ν 3 .
ST. The single-Timoshenko-beam (ST) model with initial stresses treats the DWNTs as a single-Timoshenko-beam described by equation (1), with I = I 1 + I 2 and A = A 1 + A 2 , and gives at most two wave speeds for a given frequency, ν 1 < ν 2 . SE. The single-Euler-beam (SE) model with initial stresses gives the single wave speed (ν 0 ) for a given frequency by equation (9) .
Obviously, the number of wave speeds defined by ω/n is equal to the number of positive roots of equation (8) . In example calculations, a dimensionless initial stress is taken as γ = σ [18] show that the change tendency of the transverse wave speeds in a double-wall carbon nanotube with initial compressive stress is similar to those in the doublewall carbon nanotube without initial stress. In other words, we can get some similar, even the same conclusions, to literature [18] in general. For example, it is found from figures 1 and 2 that there exist several critical frequencies for any given DWNTs with initially axial stresses. When the frequency is far below the lowest critical frequency, only one speed exists, which is quite close to the single wave speed given by the single-Euler-beam model (9) . On the other hand, when the frequency is higher than at least one of the critical frequencies, there are at least two different wave speeds, which are significantly different from the wave speed in equation (9) given by the single-Euler-beam model. Therefore, the single-Euler-beam model fails at ultrahigh frequencies. The literature [18] explained the conclusion from the viewpoint of mathematics in detail, so herein we only focus on the effects of initial stresses on transverse wave speeds of DWNTs. The results show that the initial stress in individual multi-wall carbon nanotubes affects the number of transverse wave speeds and the vibration amplitude ratio of two adjacent tubes. When the initial stress in individual multi-wall carbon nanotubes is the compressive stress, transverse wave speeds decrease and the vibration amplitude ratio of two adjacent tubes increases. When the initial stress in individual multi-wall carbon nanotubes is the tensile stress, transverse wave speeds increase and the vibration amplitude ratio of adjacent tubes 
It is more interesting that the transverse wave propagation in individual N -wall carbon nanotubes with initial compressive stress appears in at most (N + 1) different wave speeds in some frequency regions, which is different from the transverse wave propagation in an individual N -wall carbon nanotubes with initial tensile stress or without initial stress appearing in at most N different wave speeds. It should be noticed that the number of terahertz sound waves in multi-wall carbon nanotubes with initial stress not only depends on the frequency and the vibration modes but also on the magnitude and the sign of initial stress, which results in some important dynamic properties of MWNTs. The critical frequencies and the corresponding number of different wave speeds are shown in tables 1-5, respectively, for DWNTs of diameter 0.7 or 7 nm, under initial stress γ = 0.01, γ = 0.02 and γ = −0.01. ω i (i = 1, 2, . . .) in tables is defined as the critical frequency at which the number of wave speeds appear with continuous or discontinuous increase. From tables 1 and 2 it is seen that the lowest critical frequency DWNTs with initially compressive stress, γ = 0.01, are, respectively, 6.0335 and 4.329 THz, when the innermost diameter is 0.7 or 7 nm. In particular, the Timoshenko beam model under the initial stress has a crucial effect on the lowest critical frequency for large-radius DWNTs. Indeed, it is seen from table 1 that the critical frequency, 4.329 THz, given by the DT model under the initial stress for the innermost diameter 7 nm is much lower than the lowest critical frequency, 6.83 THz, given by the DE model under the initial stress. It is also seen that when the frequency is lower than the first critical frequency there is only one sound wave speed, and there are two, three and four sound wave speeds when the frequency is higher than the second, third and fourth critical frequency respectively. But it is interesting that there are three sound wave speeds when the frequencies are between the first critical frequency and the second one. It should be mentioned here that such a frequency is not one value, but is a frequency region which is obviously different from dynamic characteristics of DWNTs without initial stress in the literature [18] . It is noticed that the number of critical frequencies given by different models may depend on the diameters of DWNTs with initially compressive stress. For example, there exist four critical frequencies for the DWNTs of diameter 0.7 nm and three critical frequencies for the DWNTs of diameter 7 nm when adopting the same DT model. However, there are no differences between two DWNTs of diameter 0.7 and 7 nm when adopting the DE model. Now we examine example 2 of DWNTs with initial compressive stress γ = 0.02. All the different transverse sound speeds given by the four different models are plotted in figures 3 and 4, respectively. The critical frequencies having different wave speeds are shown in tables 3 for DWNTs of inner diameter 0.7 or 7 nm, respectively. The number of wave speeds for different frequencies is the same as in table 2. It is seen from table 5 that the decreasing tendency of wave speeds is obvious along with the initially compressive stress increasing from γ = 0.01 to 0.02. On the other hands, the initially compressive stress only changes the first critical frequency, and does not influence the second, third, and fourth critical frequencies. The frequency region having three wave speeds gradually becomes larger as the initially compressive stress increases.
In example 3, DWNTs with initial tensile stress (δ = −1), γ = −0.01 are calculated and all the transverse sound speeds given by the four different models are plotted in figures 5 and 6, respectively. The critical frequencies having different wave speeds are shown in table 4 for DWNTs of inner diameter 0.7 or 7 nm, respectively. The results carried out are different from the above two results under initially compressive stress. For example, there exist only three critical frequencies in DWNTs 13 15 SE  DE1  DE2  ST1  ST2  DT1  DT2  DT3  DT4   0   40000   30000   20000   10000 Wave speeds(m/s) 12 14 Log(frequency ω/THz) Wave speeds(m/s) 12 14 Log(frequency ω/THz) with initial tensile stresses (δ = −1), γ = −0.01 for the DWNTs of innermost diameter 0.7 nm. There is no frequency region between the first critical frequency and the second one where three wave speeds appear for the DT model and DE model, under initial tensile stress. So it can be concluded that the number of the critical frequencies may not only depend on the diameter of DWNTs but also the initial stress. It is seen that when the frequency is extremely high the present double-Timoshenko-beam model predicts four different wave speeds in DMNTs with initial stresses ν 1 < ν 2 < ν 3 < ν 4 . However, ν 1 is very close to ν 2 , while ν 3 is very close to ν 4 . In addition, the two asymptotic wave speeds for extremely high frequencies are very close to the two wave speeds given by the single-Timoshenko-beam model with initial stresses for extremely high frequencies as follows:
All these wave speeds are shown in Wave speeds(m/s) 12 14 Log(frequency ω/THz) the two asymptotic speeds in equation (11) are independent of the geometry of the cross-section, the four speeds given by the DT model with initially compressive stresses for extremely high frequencies are independent of the inner radius and the outer radius, and approach the two speeds in equation (11), respectively. The amplitude ratio of the inner tube deflection to the outer tube deflection, based on the DT and DE models, is shown in figures 7 and 8, for diameter 0.7 and 7 nm with initial compressive stress γ = 0.01, respectively. It is seen from figures 7 and 8 that when the frequency is far lower than the lowest critical frequency the amplitude ratio a 1 /a 2 is very close to unity, indicating that the vibrational model is almost coaxial. However, the amplitude ratio a 1 /a 2 could significantly deviate from unity when the frequency is below but close to the lowest critical frequency. This phenomenon is substantial especially for small radius DWNTs. Indeed, it is seen from figure 7 that the amplitude ratio a 1 /a 2 is as large as three or five around the lowest critical frequency for DWNTs of innermost diameter 0.7 nm. This indicates that, in contrast to the Timoshenko beam effects, which are more significant for large-radius than small- radius CNTs, non-coaxial modes incorporated by double-beam (DT, DE) models are more relevant for small-radius than largeradius CNTs. On the other hand, when the frequency exceeds one of the critical frequencies, the amplitude ratio a 1 /a 2 is no longer close to unity, or even becomes negative, which indicates that the vibrational modes are substantially noncoaxial. In this case, the single-beam model fails, and the double-beam models (DT, DE) are required to account for the role of inner tube radial displacements. Finally, in order to prove that the magnitude of initially axial compressive stresses used in the present paper should be justified with physical causes, we give a relation between the critical axial buckling stress (strain) and the ratio L/D out of the length to the outermost diameter of the CNTs as shown in figure 9 , based on the existing result from the literature [32] . It is seen from figure 9 that when the aspect ratio L/D out of CNTs is less than seven the magnitudes of initially axial compressive stress (γ = 0.01 and 0.02) used in the present paper are less than the critical axial buckling stress causing instability of the CNTs. Therefore, the magnitudes of initially axial compressive stress (γ = 0.01 and 0.02) in short CNTs with small aspect ratio used in the paper should be justified with physical causes because many proposed applications and designs of CNTs used as electron transistors, AFM tips, CNT-nanomechanical switches, building blocks in nanoelectronics, nanobearings and nanosensors are involved with short CNTs of small aspect ratio or periodically supported CNTs with small spans.
Conclusions
The main contribution in this paper is to describe the effects of initial stress on the critical frequencies and the transverse wave speeds in DWNTs based on different models including the DT model, DE model, and ST model. Through three example calculations of DWNTs with different diameters, the some effects of initial stress on the critical frequencies and the transverse wave speeds in DWNTs are concluded by the following.
(1) The effect of initial stresses on the wave speed propagation in DWNTs is the dependence of the sign and the magnitude of the initial stresses. When the initial stress in an individual multi-wall carbon nanotube is the compressive stress, transverse wave speeds decrease and the vibration amplitude ratio of adjacent tubes increases. When the initial stress in individual multi-wall carbon nanotubes is the tensile stress, transverse wave speeds increase and the vibration amplitude ratio of adjacent tubes decreases.
(2) Initial stresses influence the number of critical frequencies. When initial stress is compressive stress, there exists a small frequency region where three wave speeds appear in DWNTs with different diameters, which is different from the results of those without initial stress and with initial tensile stress. The DT model is similar but not the same as the DE model; the biggest difference between them is that such a small frequency region depends on the diameter of DWNTs when considering the Timoshenko beam effect. In other words, the number of critical frequencies not only depends on the models of DWNTs but also on the diameter of DWNTs and the sign and the amplitude of initial stress in DWNTs.
(3) It is interesting that the transverse wave propagation in an individual N -wall carbon nanotube with initial compressive stress appears in at most (N + 1) different wave speeds in some frequency regions, which is different from the transverse wave propagation in an individual N -wall carbon nanotube with initial tensile stress or without initial stress appearing in at most N different wave speeds.
(4) Amplitude ratios of DWNTs show that effects of initial stresses in CNTs on transverse wave propagation in CNTs of different models are significant and result in some complex phenomena. When a response frequency is far lower than the lowest critical frequency, the amplitude ratio a 1 /a 2 is very close to unity, indicating that the vibrational model is almost coaxial. However, the amplitude ratio a 1 /a 2 could significantly deviate from unity when the frequency is below but close to the lowest critical frequency. This phenomenon is substantial especially for small radius DWNTs with initially compressive stress, and is a very important reference for designs of CNTs used as electron transistors, AFM tips, CNTnanomechanical switches, building blocks in nanoelectronics, nanosensors and nanobearings.
